ABSTRACT. For every positive integer n ≥ 2, we introduce the concept of measuretheoretic n-sensitivity for measure-theoretic dynamical systems via finite measurable partitions, and show that an ergodic system is measure-theoretically n-sensitive but not (n + 1)-sensitive if and only if its maximal pattern entropy is log n.
INTRODUCTION
The concept of sensitive dependence on initial conditions has attached lots of attention in recent years. It captures the idea that a very small change in the initial condition can cause significantly different future behaviors. Following the pioneer work by Guckenheimer [12] , Auslander and York [5] called that a continuous map T : X → X on the metric space (X , d) is sensitive if there exists δ > 0 such that for any x ∈ X and any ε > 0 there is some y ∈ X satisfying d(x, y) < ε and d(T n x, T n y) > δ for some positive integer n. See [10, 3, 4, 28, 25, 29, 20, 21] and references therein for the recent study of sensitivity in this line.
It is a natural question how to define some kind of sensitivity for measure-theoretic dynamical systems. By a measure-theoretic dynamical system (X , B, µ, T ), we mean a Lebesgue space (X , B, µ) together with an invertible measure-preserving transformation T of (X , B, µ). We shall also refer to T or (X , µ, T ) instead of (X , B, µ, T ), for convenience. There are serval attempts to study the sensitivity of measures via a suitable metric on the space (see [1, 6, 15, 30, 27, 13, 11, 22, 8] ). Recently, Morales [23] studied measurable sensitivity via countable measurable partitions, and Downarowicz and Lacroix [7] studied measure-theoretic chaos via refining sequence of finite measurable partitions.
In this paper, we propose a new approach to measure-theoretic sensitivity via finite measurable partitions. Let (X , B, µ, T ) be a measure-theoretic dynamical system and n ≥ 2 be an integer. We say that a finite measurable partition ξ of X is n-sensitive if there exists δ > 0 such that for every measurable set A with positive measure, there exist n distinct points x 1 , x 2 , . . . , x n ∈ A and a subset F of Z + with the lower density at least δ such that for every k ∈ F, T k x 1 , T k x 2 , . . . , T k x n belong to different atoms of ξ . The dynamical system (X , B, µ, T ) is called measure-theoretically n-sensitive if there exists an n-sensitive partition ξ of X . We will set up a relationship between the measure-theoretical sensitivity and maximal pattern entropy.
In 1958 Kolmogorov [17] associated to any measure-theoretic dynamical system (X , B, µ, T ) an isomorphism invariant, namely the measure-theoretic entropy, h µ (T ). Dynamical systems with positive entropy are random in certain sense, and systems with zero entropy are said to be deterministic. There are several ways to distinguish between deterministic systems. One way to do this is to introduce the concept of sequence entropy. In 1967 Kushnirenko [19] studied the sequence entropy h Γ µ (T ) of a measure-theoretic dynamical system along an increasing sequence Γ of non-negative integers, and in particular he showed that an ergodic system is null, that is sup Γ h Γ µ (T ) = 0, if and only if it has a discrete spectrum. Moreover, Pickel [24] and Walters (unpublished) showed that if (X , µ, T ) is ergodic then sup Γ h Γ µ (T ) is ∞ or log n for some positive integer n. Motivated by the maximal pattern complexity [16] studied by Kamae and Zamboni, in 2009 Huang and Ye [14] introduced the notion of maximal pattern entropy h * µ (T ). It is shown in [14] that
is ∞ or log n for some positive integer n.
The main result of this paper is as follows.
it is not measure-theoretically sensitive if and only if h * µ (T ) = 0; (2) it is measure-theoretically n-sensitive but not (n + 1)-sensitive for some integer n ≥ 2 if and only if h * µ (T ) = log n; (3) it is measure-theoretically n-sensitive for every integer n ≥ 2 if and only if h * µ (T ) = ∞.
The organization of the paper is as follows. In Section 2, after introducing some basic notions, we show some properties of measure-theoretic sensitivity. In Section 3, we prove the main result Theorem 1.1. In the final section, we show an alternative definition of measure-theoretic sensitivity, that is for ergodic systems we can replace the lower density by upper density in the definition of sensitive partition.
MEASURE-THEORETIC SENSITIVITY
Denote by Z + (resp. N) the set of all non-negative integers (resp. the set of all positive integers). For a subset F of Z + , we define the upper density D(F) of F by
where #(·) is the number of elements of a set. Similarly, the lower density D(F) of F is defined by
One may say F that has density D(F) if D(F) = D(F), in which case D(F)
is equal to this common value. By a measure-theoretic dynamical system, we mean a quadruple (X , B, µ, T ), where (X , B, µ) is a Lebesgue space and T : X → X is an invertible measure-preserving transformation. A partition of X is a collection of disjoint measurable subsets of X whose union is X . Note that we assume that atoms in a partition are measurable, and we only consider finite partitions in most places. Let ξ and η be two partitions. We say that η refines ξ or η is a refinement of ξ , denoted by ξ η, if each atom of ξ is a union of atoms in η. The join of two finite partitions ξ = {P 1 , P 2 , . . ., P k } and η = {Q 1 , Q 2 , . . . , Q m }, denoted by ξ ∨ η, is the partition into all sets of the form P i ∩ Q j . For simplicity, when the measure µ is clear, denote
Now we can give the precise definition of measure-theoretic sensitivity.
Definition 2.1. Let (X , B, µ, T ) be a measure-theoretic dynamical system and n ≥ 2 be an integer. We say that a finite partition ξ of X is n-sensitive if there exists δ > 0 such that for every A ∈ B + there exist n distinct points x 1 , x 2 , . . . , x n ∈ A and a subset F of Z + with D(F) > δ such that for every k ∈ F, T k x 1 , T k x 2 , . . . , T k x n belong to different atoms of ξ . The positive number δ is called an n-sensitive constant for the partition ξ . The dynamical system (X , B, µ, T ) is called measure-theoretically n-sensitive if there exists an n-sensitive partition ξ of X . For the case n = 2, we briefly say sensitivity instead of 2-sensitivity.
Remark 2.2. Assume that a partition ξ of X is n-sensitive. Then we have the following facts:
(1) ξ contains at least n atoms; (2) the measure µ is nonatomic; (3) every partition which refines ξ is also n-sensitive; (4) for every partition η, the partition η ∨ ξ refines ξ and is n-sensitive.
We first show that the notion of measure-theoretic sensitivity is invariant under isomorphisms. Proof. As (X , B, µ, T ) and (Y, C , ν, S) are isomorphic, there exist X ′ ∈ B and Y ′ ∈ C with µ(
Suppose that (X , B, µ, T ) is measure-theoretically n-sensitive. Let ξ be an n-sensitive partition of X and ξ ′ be the restriction of ξ to X ′ . Let η ′ be the partition of Y ′ obtained as the image of π of ξ ′ and η be the partition of Y consisting of the elements of η ′ and the null set Y 0 = Y \Y ′ . We want to show that η is an n-sensitive partition of Y . Let δ > 0 be an n-sensitive constant with respect to ξ . Fix a measurable set C ∈ C + . Let
. . , y n ∈ C and for every k ∈ F, S k y 1 , S k y 2 , . . . , S k y n belong to different atoms of η ′ , and then also to different atoms of η. Thus η is n-sensitive, which ends the proof.
Remark 2.4. By Proposition 2.3, we know that if two partitions ξ and η of X are equal (mod 0) then ξ is n-sensitive if and only if so is η.
The following result reveals that if a finite partition is sensitive then for almost every pair in the product space the orbits of those two points belong to different atoms of the partition along a time set with positive lower density. Proof. The sufficiency is obvious. Now we prove the necessity. Enumerate the partition ξ as {P 1 , P 2 , . . . , P r }. For every τ > 0, let W τ denote the collection of pairs (x, y) ∈ X 2 satisfying that there exists a subset F of Z + with D(F) ≥ τ such that for every k ∈ F, T k x, T k y belong to different atoms of ξ . It is not hard to check that
where
Let λ be a sensitive constant for ξ and put δ = λ /2. We want to show that µ × µ(W δ ) = 1.
Fix a point x ∈ X . For every k ∈ Z + there exists a unique atom, named
Remark. In last two lines of the proof of Proposition 2.5, we have D(F) ≥ λ and F = F 1 ∪ F 2 , then we only have there exists a ∈ {1, 2} such that D(F a ) ≥ λ /2 = δ . To get the desired result, we need a few more words. Applying the Birkhoff ergodic theorem to the indicator function of the set 1≤i = j≤r P i × P j , we get that µ × µ-a.e. point (z 1 , z 2 ) ∈ X 2 satisfies that the density of the set of non-negative integers k such that T k z 1 , T k z 2 belong to different atoms of ξ exists. Denote by the collection of those points Z ⊂ X 2 . By the Fubini theorem, there exists Z 0 ⊂ X with µ(Z 0 ) = 1 and for every x ∈ Z 0 , µ(Z(x)) = µ({y ∈ X : (x, y) ∈ Z}) = 1. So in the the proof of Proposition 2.5, we should fix x ∈ Z 0 and fix A ∈ B + with A ⊂ Z(x). Now we know D(F a ) ≥ δ . As (x, y a ) ∈ Z, we know that the density of the set of non-negative integers k such that T k x, T k y a belong to different atoms of ξ exists and then is at least δ . Hence, y a ∈ W δ (x) ∩ A.
A measure-theoretic dynamical system (X , B, µ, T ) is called ergodic if the only members B of B with T −1 B = B satisfy µ(B) = 0 or µ(B) = 1. For a point x ∈ X and a measurable set U , put
If (X , B, µ, T ) is ergodic, by the well-known Birkhoff ergodic theorem (e.g. see [26] ), for every U ∈ B we have the density of N(x,U ) exists and equals to µ(U) for µ-a.e. x ∈ X . For convenience, we will say that all those points satisfy the assertion of the ergodic theorem with regard to U .
If the Lebesgue space (X , B, µ) has some "good" metric, then we can use the metric instead of partitions to characterize measure-theoretic sensitivity. Theorem 2.6. Let (X , B, µ, T ) be an ergodic system. Suppose that there exists a metric d(·, ·) on X such that B is the completion of the Borel σ -algebra of (X , d) under µ. If the ergodic system (X , B, µ, T ) is measure-theoretically n-sensitive for some n ≥ 2, then there exists ε > 0 such that for every A ∈ B + there exist n distinct points x 1 , x 2 , . . . , x n ∈ A such that lim inf
Furthermore, if (X , d) is compact, the converse is also true.
Proof. Let ξ be an n-sensitive partition of X and δ > 0 be an n-sensitive constant with respect to ξ . By regularity of the measure, each atom P of ξ can be approximated in measure by a sequence of its closed subsets
Then µ(U m ) < 1 m for every m ≥ 1. Also let s m denote the positive minimal distance between points in different sets F P,m , F P ′ ,m with P, P ′ ∈ ξ .
Let X 0 be the collection of points in X which, for at least one of sets U m , does not satisfy the assertion of the ergodic theorem. As (X , µ, T ) is ergodic, µ(X 0 ) = 0. For every A ∈ B + , there exist n distinct points x 1 , x 2 , . . . , x n ∈ A \ X 0 and F ⊂ Z + with D(F) ≥ δ such that for every k ∈ F, T k x 1 , T k x 2 , . . ., T k x n belongs to different atoms of ξ .
Choose a positive number λ such that δ − nλ > 0 and a positive integer m 0 such that
Now assume that (X , d) is compact. We first have the following observation: if
then there exists δ > 0 (depending only on ε and the distance of X ) such that there exists a subset
there exists a finite partition ξ of X such that the diameter of the largest atom in ξ is less than δ . Note that if the distance of two points is greater than δ then they belong to different atoms of ξ . By the above observation, we have that ξ is an n-sensitive partition.
Using Proposition 2.5 and repeating the proof of Theorem 2.6, we have the following result.
Theorem 2.7. Let (X , B, µ, T ) be an ergodic system. Suppose that there exists a metric d(·, ·) on X such that B is the completion of the Borel σ -algebra of (X , d) under µ. If the ergodic system (X , B, µ, T ) is measure-theoretically sensitive, then there exists ε > 0 such that for µ × µ-almost every pair (x, y) ∈ X × X ,
Corollary 2.8. If an ergodic system (X , B, µ, T ) has a discrete spectrum, then it is not measure-theoretically sensitive.
Proof. By the Halmos-von Neumann theorem (see Theorem 3.6 in [26] ), there exists a compact meterizable abelian group G with normalised Haar measure m and an ergodic rotation R a : G → G, g → ag such that (X , µ, T ) and (G, m, R a ) are isomorphic. On the group G there is a metric ρ which is rotation invariant in the sense that ρ(gx, gy) = ρ(x, y) for any g, x, y ∈ G. By Theorem 2.6, (G, m, R a ) is not measure-theoretically sensitive and then so is (X , B, µ, T ).
By a topological dynamical system, we mean a pair (X , T ) where X is a compact metric space and T : X → X is a homeomorphism. The Borel σ -algebra of X is denoted by B(X ). A probability measure µ on (X , B(X ) is called T -invariant if the quadruple (X , B(X ), µ, T ) forms a measure-theoretic dynamical system. By the well known KrylovBogolioubov theorem, any topological dynamical system always admits some invariant measure. A topological dynamical system (X , T ) is called uniquely ergodic if there is only one invariant measure.
Let (X , B, µ, T ) be a measure-theoretic dynamical system. We say that a topological dynamical system ( X, T ) is a topological model for (X , B, µ, T ) if there exists an invariant measure µ of ( X, T ) such that the systems (X , B, µ, T ) and ( X, B( X), µ, T ) are measure theoretically isomorphic. The well-known Jewett-Krieger's theorem [18] states that every ergodic system has a uniquely ergodic topological model. Inspired by Theorem 2.6, we can define the sensitivity of invariant measures for topological dynamical systems. Definition 2.9. Let (X , T ) be a topological dynamical system and n ≥ 2. We say that an ergodic invariant measure µ of (X , T ) is mean n-sensitive if there exists ε > 0 such that for every A ∈ B + there exist n distinct points x 1 , x 2 , . . . , x n ∈ A such that lim inf
Following the proof of Theorem 2.6, we have the following characterization of measure-theoretical sensitivity. Proposition 2.10. Let (X , B, µ, T ) be an ergodic system and n ≥ 2. Then the following conditions are equivalent:
(1) (X , B, µ, T ) is measure-theoretically n-sensitive; (2) for every topological model ( X, µ, T ) of (X , B, µ, T ), µ is mean n-sensitive;
MAXIMAL PATTERN ENTROPY AND MEASURE-THEORETIC SENSITIVITY
The main aim of this section is to proof the main result (Theorem 1.1) of this paper. First we need some preparations.
Let (X , B, µ) be a probability space. The entropy of a finite partition ξ = {P 1 , P 2 , . . . , P k } of X is
where 0 log 0 is defined to be 0. We need the following two elementary results, see Theorems 4.1 and 4.3 of [26] for example. 
According to Lemma 3.1, it is easy to verify the following result. 
Let (X , B, µ, T ) be a measure-theoretic dynamical system. For a finite partition ξ of X , we define the sequence entropy of T with respect to ξ along an increasing sequence
The sequence entropy of T along the sequence Γ is
where supremum is taken over all finite partitions. For a finite partition ξ of X and k ∈ N, we define
We define the maximal pattern entropy of T with respect to ξ by
It is easy to see that {p * µ,ξ (k)} ∞ k=1 is a sub-additive sequence, that is for every
Then we have
The maximal pattern entropy of T is
where supremum is taken over all finite partitions.
Theorem 3.4 ([14]). For each finite partition
We will use the following result, which is implicit in [9] , see also [13, Proposition 5.8] for this version.
Lemma 3.5. Let (X , B, µ) be a probability space and
be a sequence of measurable sets with µ(E i ) ≥ a > 0 for some constant a and any i ∈ N. Then for any k ≥ 1 and
Proposition 3.6. Let (X , B, µ, T ) be an ergodic system and n ≥ 2. If ξ = {P 1 , . . . , P n } is a partition of X with n atoms and the maximal pattern entropy of T with respect to ξ is log n, then ξ is an n-sensitive partition.
Proof. Since ξ has n atoms, for every k ∈ N and 0 ≤ t 1 < t 2 < · · · < t k ,
and p * µ,ξ (k) ≤ k log n. The maximal pattern entropy of T with respect to ξ is log n, that is
By Lemma 3.2, we know that
where H = {t 1 ,t 2 , . . .,t N } \ {t s 1 ,t s 2 , . . . ,t s n }. Clearly, H has N −n integers and the partition j∈H T j ξ has at most non-empty n N−n atoms. By Lemma 3.1, we have
By Lemma 3.3, we know that |µ(W ) − 
For a measure-theoretic dynamical system (X , B, µ, T ), put
It is a T -invariant σ -algebra of B. We say that K µ is the Kronecker σ -algebra of (X , B, µ, T ). Every T -invariant σ -algebra of B determines a factor of T in a natural way. Let π : (X , B, µ, T ) → (Z, K µ , ν, S) be the factor map to the Kronecker factor. If T is ergodic, then by Rohlin's skew product theorem we may write T as a skew prod-
consists of n atoms of measure 1/n for some positive integer n, or (M, ρ) is continuous (see [2] ). One of the key ingredients of the proof of Theorem 1.1 is the following result by Pickel [24] and Walters (unpublished) . . . , m} be a partition of X . Then ξ ′ is independent from the Kronecker σ -algebra K µ , and thus h * µ (T, ξ ′ ) = H µ (ξ ′ ) = H ρ (ξ ) = log m (see [14, Lemma 3.4] ). By Proposition 3.6, ξ ′ is m-sensitive and then also n-sensitive.
, S) be the factor map to the Kronecker factor and write T as a skew product
If h * µ (T ) = ∞, we know that (M, ρ) is continuous. Since (M, ρ) is a Lebesgue space, there exists a partition η = {Q 1 , . . . , Q n } of M with ρ(Q i ) = 1 n for i = 1, . . . , n. Let η ′ = {Z × Q i : i = 1, . . ., n} be a partition of X . η ′ is also independent from the Kronecker σ -algebra K µ , and thus h * µ (T, η ′ ) = log n. By Proposition 3.6 again, η ′ is n-sensitive.
Corollary 3.9. If a non-trivial measure-theoretic dynamical system (X , B, µ, T ) is weakly mixing, then for every n ≥ 2 it is measure-theoretically n-sensitive.
Proof. Since (X , B, µ, T ) is weakly mixing, the Kronecker σ -algebra is trivial. Then h * µ (T, ξ ) = H(ξ ) for every partition ξ [24] . So its maximal pattern entropy is infinite, as (X , B, µ, T ) is non-trivial. Now the result follows from Proposition 3.8. Proof. It follows from the result that if the entropy of an ergodic system is positive, then its maximal pattern entropy is infinite [14] . Now the result follows from Proposition 3.8.
The following result can be regarded as the opposite to Proposition 3.8.
Proposition 3.11. If an ergodic system is (X , B, µ, T ) is n-sensitive for some n ≥ 2, then the maximal pattern entropy of T is at least log n.
Proof. We first consider the case n = 2. If the maximal pattern entropy of T is less than log 2, then it is zero. Then by Kusnirenko's result in [19] (X , B, µ, T ) has a discrete spectrum. By Corollary 2.8, (X , B, µ, T ) is not measure-theoretically sensitive. This is a contradiction. So the maximal pattern entropy of T is at least log 2. Now assume that n > 2. By the first case we know that the maximal pattern entropy of T is at least log 2. Assume that the maximal pattern entropy of T is log m for some 2 ≤ m < n. Let π, (Z, K µ , ν, S) and (Z ×M, ν ×ρ) as in Theorem 3.7. Since h * µ (T ) = log m, we know that (M, ρ) consists of m atoms of measure 1/m. Let ξ be the partition {Q 1 , . . ., Q m } of singletons in M, that is with ρ(Q i ) = 1/m. Let ξ ′ = {Z × Q i : i = 1, . . . , m} be a partition of X . As (X , µ, T ) is n-sensitive, there exists an n-sensitive partition ξ ′′ refining ξ ′ . By the construction of ξ ′ , there exists a finite partition η of Z such that the partition ζ = {R × Q : R ∈ η, Q ∈ ξ } refining ξ ′′ . Moreover, ζ is also an n-sensitive partition of X .
We claim that η is a sensitive partition of (Z, K µ , ν, S). Fix A ∈ K + µ . Then A × Q 1 ∈ B + and there exist n distinct points x 1 , . . . , x n in A × Q 1 and a subset F of Z + with D(F) > δ such that for every k ∈ F, T k x 1 , . . ., T k x n belong to different atoms of ζ . Express x 1 = (z 1 , q 1 ) , . . ., x n = (z n , q 1 ). It is clear that z 1 , . . . , z n are pairwise distinct and belong to A. Note that ξ only has m atoms. By the pigeonhole principle, for every k ∈ F, there exist z k,1 and z k,2 such that S k z k,1 and S k z k,2 belong to different atoms of η. So there exists two distinct points z i 1 and z i 2 in the list {z 1 , . . . , z n } such that there exists a subset F ′ of F with D(F ′ ) > δ /n 2 satisfying for every k ∈ F ′ , S k z i 1 and S k z i 2 belong different atoms of η, which implies that η is a sensitive partition of (Z, ν, S).
As (Z, K µ , ν, S) is the Kronecker factor of (X , B, µ, T ), the maximal pattern entropy of (Z, ν, S) is zero. Then by the proof of the first case, (Z, K µ , ν, S) is not measuretheoretically sensitive. This is a contradiction. So the maximal pattern entropy of T is at least log n. Now it is clear that Theorem 1.1 follows from Propositions 3.8 and 3.11.
AN ALTERNATIVE DEFINITION OF MEASURE-THEORETIC SENSITIVITY
In this section, we define the measure-theoretic weak sensitivity using the upper density of subsets of Z + instead of the lower density. It turns out that it is equivalent to measuretheoretic sensitivity for ergodic systems.
Definition 4.1. Let (X , B, µ, T ) be a measure-theoretic dynamical system and n ≥ 2. We say that a finite partition ξ of X is weakly n-sensitive if there exists δ > 0 such that for every A ∈ B + there exist n distinct points x 1 , x 2 , . . . , x n ∈ A and a subset F of N with D(F) ≥ δ such that for every k ∈ F, T k x 1 , T k x 2 , . . . , T k x n belong to different atoms of ξ .
The dynamical system (X , B, µ, T ) is called measure-theoretically weakly n-sensitive if there exists a weakly n-sensitive partition ξ of X .
It is routine to check that all the results in the previous two sections also hold for measure-theoretic weak n-sensitivity, just replacing the lower density of the subset F of Z + by the upper density and the limit infimum by limit supremum. Especially, similar result of Theorem 1.1 also holds for measure-theoretic weak n-sensitivity. So we get that those two definitions of measure-theoretic sensitivity are equivalent for ergodic systems. More specifically, we have the following result. Remark 4.3. It should be noticed that the author in [8] also introduced the conception of measurable sensitivity. By Theorems 1.1 and 4.2, and Theorem 41 in [8] , for ergodic systems the measurable sensitivity in Definition 40 of [8] is equivalent to measure-theoretical n-sensitivity for the case n = 2.
